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l/"") ! Abstract: We examine the ultraviolet (UV)- sensitive part of the one- loop Casimir 

energy which is induced when various higher- dimensional supergravities are com- 
pactified to 4D on extra dimensions which are Ricci flat, but otherwise arbitrary. 
We identify the leading dependence on the mass of very massive higher- dimensional 
modes, as well as the UV divergent part of the contributions of modes which 
are massless in the higher- dimensional sense (but which consist of a KK tower of 
^ ■ massive modes from the 4D perspective), and show how these are constrained by 

higher- dimensional general covariance. Some of the implications of co-dimension 
2 branes are computed in the limit where their tension is small compared with 
the extra-dimensional Planck scale (but not small compared with the observed 
dark energy). Our results support the interpretation of supersymmetric large extra 
dimensions (SLED) in 6 dimensions as a potential solution to the cosmological 
constant problem (but do not yet completely clinch the case). 

This article is dedicated to Bryce De Witt — a pioneer in the heat-kernel techniques 
used here — whose recent passing deprives physics of a rare mind. 
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1. Introduction and Conclusions 

The long-standing problem of understanding why the energy density of the vacuum is 
unobservably small [JTJ] has recently been recast as the problem of why it is extremely 
small but has the nonzero value p vac ~ (3 x 10 -3 eV) 4 @. The most challenging 
part of this problem is to understand why such a small energy density should be 
'technically' natural, in the precise sense most clearly enunciated in another context 
in ref. It should be emphasized that throughout the history of science all of the 
many hierarchies of scale which have been encountered — at energies to which we 
have experimental access — are understood in a technically natural way except the 
vacuum energy density. 

In essence, a small parameter (like the vacuum energy density) is technically 
natural if its smallness can be understood within the effective theory which describes 
physics at any scale at which one cares to pose the question. That is, even given that 
the vacuum energy were small in some microscopic theory of the physics of very short 
distances, why should it remain small as the physics describing longer distances is 
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integrated out? In particular, since integrating out a particle of mass m generates a 
contribution to p vac which is of order m 4 , 1 what cancels the huge contributions which 
are obtained when all of the known particles (whose masses range between m e ~ 0.5 
MeV and m t ~ 180 GeV) are integrated out? Failure to understand this point seems 
to indicate that our formulation of physics misses something important at energies 
above the vacuum-energy scale, v ~ 10~ 3 eV, but in a way which somehow affects 
only gravitational phenomena. 

It may be that progress is being made on this thorny problem, based on the 
recent recognition that reasonable theories of short distance physics (like string the- 
ory) can predict that all of the observed non-gravitational particles are trapped on 
domain- wall-like surfaces, or branes, which are embedded within spacetime |3| . Such 
a picture has already dramatically broadened our perspective as to how the low- 
energy world could look, such as by introducing the possibility that extra dimensions 
could be as large as r ~ 100 microns across and yet have hitherto escaped detection 
due to our only being able to search for their existence using gravitational probes. It 
turns out that such a picture can be viable, although consistency with the observed 
value of Newton's constant only permits precisely 2 dimensions to be this large |J. 
Intriguingly, since r ~ 100 /mi implies hc/r ~ 10~ 3 eV, having all presently-observed 
particles trapped on a 3-brane living within a 6-dimensional spacetime has the de- 
sired effect of dramatically changing gravitational physics at energies above 10~ 3 
eV, without appreciably changing other non-gravitational phenomena at observable 
scales. 

This observation underlies a recent proposal for understanding the smallness of 
the vacuum energy density within the framework of 6-dimensional supergravity with 
the two internal dimensions being sub-millimeter in size: Supersymmetric Large Ex- 
tra Dimensions (SLED) || [7|, §, |], [10| . In this picture the large extra dimensions 
contribute in two ways to the explanation of the smallness of the observed 4D vacuum 
energy. First, although quantum loops involving the observed particles do give large 
contributions — 0(M 4 ) for M ~ TeV — to the 4D vacuum energy, this energy is 
localized at the position of the branes on which these particles reside. In many situ- 
ations the classical gravitational response of the internal dimensions to this localized 
energy density appears to systematically cancel the brane tensions in the effective 
4D vacuum energy to which cosmology is sensitive. 2 In this paper we have nothing 
to say about the on-going investigation of this classical response of the bulk. 

1 A positive power of the mass rather than the cutoff appears here due to our use throughout of 
dimensional regularization. The well-known issues of how to understand power-law divergences in 
dimensional regularization is discussed in Appendix A. 

2 It should be emphasized that the completeness of this cancellation is still under active study. 
See, for example, ref. p0| for a recent germane analysis. 
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The second way that the extra dimensions contribute to the effective 4D vacuum 
energy density within the SLED proposal is through their quantum response to - 
or Casimir energy due to — the presence of the branes on which ordinary particles 
live. Given the above-mentioned cancellation of the brane energies with the classical 
bulk response, it is this quantum response of the bulk which would make up the 
entirety of the observed Dark Energy density. In particular, it has been argued || § 
that within supersymmetric theories this Casimir energy can be naturally as small 
as 1/r 4 , and so account for the cosmological observations provided r is of order 100 
/im. 3 

In this paper we address ourselves to testing whether the quantum response of 
the extra dimensions can really be this small even though there are large, O(M), 
bulk states which circulate within loops. In particular, although various one-loop 



Casimir energies for 6D theories compactified to 4D exist |Tl[ and the results are 
of order 1/r 4 , these calculations typically only integrate out massless fields in the 
bulk. However we know that in 4 dimensions it is the integration over the most 
massive fields which contribute the largest amount to the vacuum energy (recall that 
contributions to the bulk cosmological constant vary like m n in n dimensions), so 
we focus here on the quantum effects of bulk fields whose mass satisfies M ^> 1/r. 
In general the Casimir energy (per unit 4-volume) of such fields can be expected to 
depend on both M and r, and for M 3> 1/r could generically have the form: 



V C (M, r) = c Q M e r 2 + Cl M 4 + ^f- + ^ + . . . . (1.1) 



Here the leading contribution depends on M and r as does the contribution of a 6D 
cosmological constant. The dimensionless constants, Ck, are calculable for a given 
field content in the bulk and on the branes, and the success of the SLED proposal 
requires the conditions c = C\ = c 2 = 0. Our goal in this paper is to track these 
positive powers of M in the Casimir energy at one loop, to see whether or not they 
really do vanish. 



Fortunately, very general tools exist, based on heat-kernel methods [14], [15 
I(| , for determining the large- M-dependence of the Casimir energy, for a broad choice 
of fields within the bulk and for a wide variety of geometries for the extra dimensions. 
We here adapt these techniques to 6D field theories containing scalars, fermions, 
gauge bosons, gauge 2-forms, gravitini and gravitons, which are compactified to 4D 
on an arbitrary Ricci-flat manifold. The restriction to Ricci-flatness is introduced 
for technical convenience (and is relaxed in a companion paper (l^|). Due to the 
absence of a bulk cosmological constant in 6D supergravity theories this restriction 



3 Once factors of 2ir are included it turns out that r ~ 10 fxm, and so hc/r ~ 0.01 eV, is required 
for agreement with the observed Dark Energy density nt\. 
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essentially precludes the study of compactifications in the presence of fluxes, and 
with spatially- varying scalar fields (which are indeed among the more interesting 6D 



compactifications |7|, ||, [TIJ for the chiral, gauged supergravities in 6 dimensions). 



Ricci-flatness remains of interest, however, because it does include a broad class of 
nontrivial solutions to many 6D supergravities. 

In the heat-kernel treatment all of these dangerous large-M terms arise as local 
effective interactions within the bulk 6D theory. We use these techniques to identify 
these effective interactions in a general way for the 6D fields of most interest. In 
general bulk loops can also generate large-M effective interactions which are localized 
at the positions of the branes. We compute the leading dependence of these terms 
in the limit when the brane tensions are smaller than the 6D gravitational scale (but 
are much larger than 1/r). 

Our final results are as follows. We find that the Casimir energy due to any 
one 6D field typically does involve terms proportional to M 6 , M 4 or M 2 . However 
our main result is to find that all three of these kinds of terms cancel once they 
are summed over a massive supermultiplet of (2, 0) supersymmetry in 6 dimensions. 
Furthermore, this cancellation is independent of the details of the compactification 
from 6D to 4D (provided it is Ricci flat), and in particular does not require that 
the compactification be supersymmetric. This result applies in particular to the 
contributions of the massive Kaluza-Klein (KK) modes which would be obtained if 
the 6D supergravity of interest were itself obtained from a 10- (or 11-) dimensional 
theory by dimensional reduction on 4 (or 5) small dimensions, since these have the 
same particle content as do the massive (2, 0) 6D supermultiplets we examine. 

As such, we believe these results to be encouraging for the success of the SLED 
program, inasmuch as they show how bulk supersymmetry can stop very heavy KK 
particles from contributing too large one-loop amounts to the low-energy effective 
cosmological constant, both through bulk and brane-localized effective interactions. 
These results leave one type of one-loop contribution which could still be dangerously 
large from the SLED point of view: dimension-two interactions localized on the brane 
(such as a brane-localized Einstein-Hilbert action) which are generated by loops of 
brane-bound particles (for which supersymmetry is badly broken). Indeed, such 
effective interactions are likely to be generated by brane loops, and it is not yet clear 
[T0[| whether the bulk response need cancel their 4D effects in the same way as it 
would do for an effective brane tension. 

The rest of the paper is organized as follows. Section 2 collects many of the 
general results on UV sensitivity and Kaluza-Klein theories which prove relevant 
to the 6D discussion. Section 3 then uses these results to compute explicitly the 
UV-sensitive contributions of various 6D massless and massive particles, and assem- 
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bles these results into supermultiplets to see how the presence of higher-dimensional 
super symmetry changes the generic picture. 



2. General Results 

Our goal is to compute explicitly (as functions of background fields) the ultra-violet 
sensitive part of the one-loop vacuum energy for compactifications to 4D of various 
6D field theories. Before embarking on the full calculation it is worth first collecting 
a few general results concerning the kinds of ultraviolet divergences which can be 
encountered in calculations of this sort. Because the ultraviolet behavior only de- 
pends on the very short- distance limit of the theory these divergences can always be 
absorbed into renormalizations of local functions of the background fields, with co- 
efficients which can be computed very generally for arbitrary background geometries 



01 0, m, m. 



2.1 The Gilkey-DeWitt Coefficients 

This section collects the results for the ultraviolet-divergent parts of the one-loop 
action obtained by integrating out various kinds of particles in 6 dimensions. To this 
end, consider a collection of N fields, ^ z with z = 1, N, coupled to a collection of 
background fields, possibly including a 6-dimensional spacetime metric, guN, scalars, 
ip l , and form fields, A Mi Mp . For each z, \1/ 2 can carry a gauge and/or Lorentz index, 
although for simplicity of notation the Lorentz index is suppressed in this section. 
We suppose that the background-covariant derivative, D M , appropriate to \l/ z is: 

D M m z = d M V z + u M - iA a M (t a )* y W , (2.1) 

where u M is the appropriate matrix- valued spin connection, and the gauge group 
is represented by the hermitian matrices (t a ) z . For real fields the t a are imaginary 
antisymmetric matrices, and (for canonically-normalized gauge bosons) we take the 
gauge group generators to include a factor of the corresponding gauge coupling, 
g a . The commutator of two such derivatives defines a generalized matrix- valued 
curvature, (YMN) z y ^ y = [Dm, Dn]^ z , which has the following form: 4 

(Ym n) z y = T^-ain 8 z y — iF MN {t a ) z y ■ (2.2) 

Here TZmn is the curvature built from the spin connection ujm, which is also related to 
the Riemann curvature of the background spacetime in a way which is made explicit 
in what follows. 



4 We adopt Weinberg's curvature conventions jl7| , which differ from those of MTW [jl8| only in 
an overall sign in the definition of the Riemann tensor. 
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Quite generally the result of integrating out the fields \I/ 2 at one-loop leads to 
the following contribution to the effective quantum action 

i£ =-(-)** ±T!r log A, (2.3) 

where (— ) F = 1 for bosons and —1 for fermions, and the differential operator A z y 
has the following form 

A z y = -5 z y U + X z y + (m 2 Y y . (2.4) 

Here 5 z y is the Kronecker delta, □ = g MN D M D N and X z y is a local quantity built 
from the background fields whose form depends on the kind of field under consider- 
ation (explicit examples are given below for the usual fields of interest). The mass 
matrix, m 2 , can either be regarded as being physical masses which are extracted 
from within X, or as a regulator mass, {m 2 ) z y = fi 2 5 z y , which is to be taken to zero 
(or to infinity) at the end of the calculation. 

Our interest for this section is in two parts of E which are very closely related 
to one another. One of these is the ultraviolet divergent part of S, and the other is 
that part of X which depends most strongly on the mass of any massive 6D fields 
which are integrated out. We collect here the very general results which can be 
obtained for both of these quantities using the Gilkey-DeWitt heat-kernel methods 



13, 14, 15, 16]. When identifying the divergent part we work within dimensional 
regularization and so continue the spacetime dimension to complex values, n, which 
are slightly displaced from the actual integer spacetime dimension, 6, which is of 
interest: n = 6 — 2e. We then follow the poles in £ as e — - > 0, in the usual fashion. 
These may be related to the logarithmic divergences which would be obtained from 
an ultraviolet cutoff, A, through the usual relation (see Appendix |A|) 

- <-> In (A 2 ) . (2.5) 

For 6D spaces without boundaries and singularities the ultraviolet-divergent 
terms (and heavy-mass-dependent terms) are simply characterized. In n dimensions 
they may be written as [O, HI 



i / i \«/2 f [ n / 2 l 

Soo = -(-) F - / d n xV=g T ( k - ™/ 2 ) Tr K" 2 " a ^ (2-6) 

■ " ' J k=0 



which for n = 6 — 2e specializes to 

Eo ° = 2(hy { ~ )F T{k ~ 3 + e) / d " Xv ^ Tr [m& ' 2k ak] ■ (2 - 7) 
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Here denotes Euler's gamma function. The divergence as e —>■ is contained 
within the gamma function, which has poles at non-positive integers of the form 
T(— r + e) = (— ) r / (r!e) + ■ ■ • , for e an infinitesimal and r a non-negative integer. The 
coefficients, a^, are known N' x N' matrix- valued local quantities constructed from 
the background fields, to which we return below. Here N' = N d with iV counting the 
number of fields and d being the dimension of the appropriate Lorentz representation. 
The trace is over the N' matrix indices of the a&. 

The above expression shows that for massless fields (m = 0) in compact spaces 
without boundaries and singularities in 6 dimensions the divergent contribution is 
proportional to tr [as] in dimensional regularization, so the problem of identifying 
these divergences reduces to the construction of this coefficient. 5 By contrast, for 
massive fields there are divergences proportional to tr [m 6 ao], tr [m 4 ai], tr [m 2 a2] and 
tr [03] , and these are also the terms in E which involve the highest powers of m. 
For example, it turns out that ao is proportional to the unit matrix, J, and so the 
term involving ao represents a divergent and strongly m-dependent contribution to 
the 6D cosmological constant, proportional to tr[m 6 ]. Similarly, since a\ contains a 
term proportional to RI, where R is the background metric's Ricci scalar, tr [m aj 
contains an m-dependent renormalization of the Einstein-Hilbert action, and so on. 

What is attractive about the above results is that an algorithm for construct- 
ing the coefficients a^ is known for general X and Dm, and the result for the first 
few has been computed explicitly [|l3i |i~6H and can be given as a closed form in 



terms of X, background curvatures and the generalized curvature (Ymtv)V The 
explicit results for the quantities ao through CI3 are given in their general form in Ap- 
pendix [B[ These allow the calculation of the most ultraviolet-sensitive contributions 
from quantum loops for arbitrary theories in the presence of very general background 
field configurations. 

The remainder of this section specializes these results to the various fields of 
interest for 6D supergravity theories. We take the bosonic part of the action for 
these theories to be 



S = - d 6 x^ 



l - g MN G y ($) D M &D N & + V($) 

+i up) R + Y,^ w r^) F k.. M A Ml '- Mp 



(2.8) 



where $ l denote the theory's scalar fields, and F( p ) = dv4( p _i) + uj p is a p-form field 
strength for a (p — l)-form gauge potential, and uj p is an appropriate Chern-Simons 

5 Notice that the freedom to keep m 2 within or separate from X implies that the divergence 
obtained from computing just 03 using X m = X + m 2 gives the same result as computing ao 
through (J3 using only X. 
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form whose details are not important in what follows. The coefficient functions U, 
V, W p and Gij are known functions of the which differ for different choices for 
the 6D supergravity of interest. 

As usual, we are always free to use the classical equations of motion obtained from 
this action to simplify the one-loop quantity S, because anything which vanishes with 
the classical field equations may be removed from E by performing an appropriate 
field redefinition |2D| ]. For simplicity we also specialize here to the case where 
these classical equations are the same as those for pure gravity, Rmn = 0, and so 
for which all other fields have trivial stress energy: Fm-i..m p = 9m& 1 — 0. We return 
to the more general case with more complicated classical solutions in a companion 
paper 
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2.2 Dimensional Reduction from 6D to 4D 

When using the Gilkey coefficients in 6-dimensional theories compactified to 4 di- 
mensions one might be tempted to ask whether we should take n = 4 or n = 6 when 
evaluating formulae like eq. fl2.6| ). In this section we show that it makes no difference, 
inasmuch as the sum over the result for each 4D KK mode reproduces the full 6D 
expression. 

Dimensional Reduction on S 2 

To establish this point we take the simplest nontrivial example: the reduction of a 
6D scalar field theory to 4D on a 2-sphere. 6 For these purposes we start with the 6D 
action 

S = - J d A xd 2 yv ^g(-$*n 6 $ + M 2 $*$), (2.9) 

where $ is a minimally-coupled complex scalar field with a 6D mass M, and 0$ = 
g MN D M D N is the 6D d'Alembertian. 

We further assume that the background metric takes the product form dsg = 
g^x) dx^dx u + g mn (y) dy m dy n , where g mn is the internal two dimensions and g^ v is 
the metric of the 'large' 4 dimensions. In this case the 6D d'Alembertian is related 
to its 4D counterpart, fJ 4 = g' lu D fl D u , and the 2D Laplacian, D 2 = g mn D m D n , by 
□ 6 = D 4 + n 2 . Finally, we specialize to an internal S 2 by taking g mn dy m dy n = 
r 2 lmndy m dy n = r 2 {d6 2 + sin 2 Odip 2 ), where r denotes the 2-sphere's radius. 

The dimensional reduction is performed by writing $ as a mode sum in terms 
of the eigenfunctions of the scalar Laplacian on a 2-sphere. Our ansatz therefore 

6 Compactification on a torus is too trivial for the present purposes, since all of the Gilkey 
coefficients except ao tend to vanish for flat manifolds like torii. Ref. includes more recent 
explicit examples. 
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becomes: 

oo I 



$ (^)=!eecwto, (2.io) 



r 

1=0 m=-l 



where Y l m (y) are the standard spherical harmonics, and (^(x) are the corresponding 
4D fields. Using D 6 = D 4 + D 2 we find 

m,l,m',l' 

(2.11) 

Finally, using the results — □ 2 y / m = [Z(Z + l)/r 2 ]YJ m , y/— g 6 = r 2 yf—g^ y/^y as well 
as the orthonormality relations J (P-y^Y^Y™' = 5u'5 mm >, the 6D action becomes 



s = -J2 J d ' x ^ [-cw + (m 2 + 

m.Z L \ / 



(2.12) 



where all quantities are now functions only of x. This is the standard manipulation 
which expresses the theory of one complex 6D scalar in terms of an infinite tower 
of 4D Kaluza-Klein (KK) modes, consisting of complex 4D scalars whose 4D masses 
are /if = M 2 + 1(1 + l)/r 2 . Notice that for scalars on the 2-sphere each KK mass 
level has degeneracy d\ = (21 + 1). 

UV Sensitivy 

We now check that the UV sensitive terms are identical when computed in 6 dimen- 
sions or as the sum over a series of 4D results for each KK mode. Recall for these 
purposes that the divergent part of the one-loop quantum action can be written in 
n dimensions as 

E^-H^-J J d n x^Y.T(k-n/2)T,[M n - 2k a k l (2.13) 

where M is the n-dimensional mass of the particle which traverses the loop. 

The 6D Calculation: For the 6D calculation we use the general result specialized to a 
minimally-coupled scalar field in n = 6 dimensions. For simplicity we also assume the 
6D complex scalar to be massless — so M = — and take Ymn = X = 0. Because 
the scalar has been taken to be massless in 6D, the only relevant Gilkey coefficient 
is a 3 , which we must evaluate. For this evaluation we specialize the general result 
to the product geometry, for which R 6 = R 4 + R 2 , R MN R MN = R^R^ + R mn R mn 
etc., where the 2-sphere curvatures satisfy R mnpq = (l/r 2 )(g mq g np - g mp gnq), R mn = 
-(l/r 2 )g mn and R 2 = -2/r 2 , so R mnpq R mnpq = 2R mn R mn = R 2 = 4/r 4 . 
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Remembering the overall factor of 2 because the scalar is complex, and expanding 
in powers of the 4D curvature tensor we find 

and so integrating over the 2-sphere, and using T(0) ~ 1/e, we find 
1 / 1 \ 2 1 f . , / 8 1 



The 4D Calculation: In the 4D theory we may similarly take X = provided we 
separate explicitly the KK mass terms from X, and up to linear order in we need 
keep only the contributions to a\ and a . Using T(—r + e) ~ (— ) r /(r!e) we find for 
each KK mode (remembering again the factor of 2 for complex scalars), 

E » = \ i£) I dlx ^ 3 ( Tr h ~ Tr l "' ai] 7 + • • • ) 
= Hs)7 dWZ *(7 + £* + ---)- (2 - 16) 

We now sum over the KK modes, and interpret the resulting divergent sums 
using ^-function regularization |19|, [21|| . Recalling that each mass eigenvalue 
[if = 1(1 + l)/r 2 has degeneracy (21 + 1) we have 

Ira 1=0 ^ ' 

1 oo 

= ^^( 2 /5 + 5 /4 + 4/ 3 + /2) 

= i [2C(-5) + 5C(-4) + 4C(-3) + C(-2)] , (2.17) 
where £(s) = /C^Li(V nS ) ^ s the Riemann zeta-function. Using the following results 



22 



we find that 



C("5) = -4 CM) = jij, (2.18) 
C(-4)=C(-2)=0, C(-l) = ~, (2.19) 



E"? = ^- (2.20) 
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Similarly 



Im 1=0 

1 oo 

= J_^ (2i 3 + 3i2 + () 



Z=l 

1 

r 



I[2C(-3) + 3C(-2) + C(-l) 



' (2-21) 



15 r 2 ' 

Finally, combining these results we obtain the following expression for the diver- 
gent piece, as computed in 4 dimensions: 



^oo — s 



Ira 

oo 

I'm 



1 f ,i , — / 8 1 



As expected, we obtain the same result for regardless of whether we do the 
calculation in the 6D or the 4D theory, provided we sum over all of the KK modes 
in the lower-dimensional case. It is therefore a matter only of convenience whether 
or not to use the higher- or lower-dimensional formulation. 

Dimensional Reduction in Supersymmetric Models 

The previous calculations are useful when computing the UV sensitivity of 6D super- 
symmetric theories, particularly when 6D supersymmetry breaks due to the compact- 
ification down to 4 dimensions. Seen from the 4D point of view it might appear that 
supersymmetry is badly broken, making the cancellations due to 6D supersymmetry 
hard to follow. However, the freedom to perform computations in the higher dimen- 
sions makes it easier to see the cancellations which follow from higher- dimensional 
supersymmetry. Physically these cancellations still hold because it is the UV sensi- 
tive part of the one-loop result which we compute, and this is only sensitive to the 
very short wavelengths for which the higher-dimensional symmetries apply. 

We now turn to a discussion those UV-sensitive effects which are localized near 
the position of any co-dimension 2 branes. 

2.3 Brane-Localized Terms 

For supersymmetric large extra dimensions we require the Casimir energy in the 
presence of brane sources, which typically introduces either boundaries or singulari- 
ties into the bulk geometry, depending on the dimension of the brane involved. Since 
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the presence of boundaries and singularities permit the appearance of more compli- 
cated divergences in the Casimir energy, additional local counter-terms are required 
in order to renormalize them. Since all of these are localized at the brane positions, 
they can be regarded as renormalizations of the effective brane actions. 

Unfortunately, results with the generality described above are not yet available 
in the presence of co-dimension 2 brane sources. Some things are known, however, 
and we summarize those which are most relevant to the SLED proposal here. The 
main calculations which have been done assume the geometry near the branes to be 
described by a conical singularity, for which the 2D bulk metric can be written in 
the form dr 2 + c 2 r 2 d# 2 near the singularity (r = 0), where 9 is a periodic coordinate 
with period 2tt and c& is a constant. This geometry has a defect angle at the brane 
position, whose size is given by 5 = 2n(l — c&). This introduces a delta-function-type 
divergence into the curvature at the brane position which is proportional to 5. This 
kind of singularity is often (but not always [^, |24|) what is produced by 3-branes 
which are aligned within the 6 dimensions to be parallel with the large 4 dimensions. 

Some explicit results are known for the types of ultraviolet divergences which 
arise in this case. This includes explicit results for the heat kernel coefficients for 

as well as 



specific types of particles in the presence of these singularities [T§, 
more general expressions which apply to the limit of small defect angles, which are 
obtained by interpreting the cone to be the limit of a sequence of 'blunted' cones for 



each of which the tip is smoothed off |26|, P7| . According to this line of argument, 
the leading contributions (for small defect angles) to the brane counter-terms may be 
found by taking the limit of the bulk terms obtained for each of the blunted cones. 

Applied to quadratic order in the background curvatures, this leads to the rela- 
tions: 

[ d 6 xy/=g~R^ [ d 6 Xy/=gR-J24Tr{l-c b ) [d 4 xV^h 

J B JB' b Jb 

[_d 6 xy/=gR 2 « f d 6 xy/=g~R 2 - V 8^(1-0,) [d 4 x\^hR 
Jb Jb 1 , Jb 



d 6 x y/^g RmnR 



MN 



B 



d 6 x y/^g Rmn R 



MN 



B' 



^4tt(1-c 6 ) Id^xxf^hRa 

, Jb 



(2.23) 



d 6 x yf—g RmnlpR 



MNLP 



d 6 x yf^g RmnlpR 



MNLP 



B' 



y~] 8-7T (1 - c b ) / d^xyT-hRabab , 

l J b 



where the approximate equality indicates that terms of order (1 — q,) 2 are neglected 
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on the right-hand side. In these expressions B denotes the limit of the sequence 
of blunted cones (having curvature Rmnlp) which approach the bulk, B, including 
the conical singularity, and b denotes the 4D world-surface of the brane, defined by 
the position of the conical singularity. B' denotes the bulk with the positions of the 
conical singularities removed: B' = B — ^2 b b, and Rmnlp is the curvature of this 
bulk in the limit of no singularity, denotes the induced metric on b, which we 
also suppose to have no extrinsic curvature, and 
2 2 
R aa = R mn < 7i* and R abab = £ R MNPQ nf nf n p a (2.24) 

a=l a,b=l 

where rJf denote two mutually-orthogonal unit normals to the appropriate brane 
world surface. 

Because these expressions for the brane-localized contributions to the heat kernel 
are obtained as limits of a sequence of bulk contributions, they permit an easy 
generalization of the expressions given in Appendix B to include brane-localized 
terms in the limit of small defect angles. We now summarize the results which are 
obtained in this way, which give the following brane-localized counterterms: 




Here Tr [m 2 X] is defined as follows: if Tr [m 2 X] = aR + b then Tr [m 2 X] = 2aR + b. 

These expressions assume that the defect angles are small and that the only sin- 
gular bulk fields near the brane positions are the curvatures. This latter assumption 
is a natural consequence of our assumption of the vanishing of background quanti- 
ties like X and F MN F^ IN , since this guarantees that these quantities remain smooth 
there. They predict (for small defect angles) the new brane-localized ultraviolet 
divergences which arise once branes are inserted into the bulk space. 

Where the explicit results can be compared with this small-defect limit they 
agree. 7 

7 It is claimed in ref. p?]] that the small- defect result does not agree with explicit calculations for 
the divergences produced by integrating out spin-3/2 and spin-2 particles. However we regard these 
conclusions to be suspect inasmuch as the obstruction they find explicitly involves the contributions 
of pure-gauge modes — i. e. conformal Killing vectors and spinors — and this reference does not 
treat properly the contributions of the ghosts which would be expected to cancel such modes. 
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Finally, since our present interest is in whether the Gilkey coefficients vanish 
when summed over the elements of a 6D supermultiplet, it is useful to notice here 
that — to linear order in (1 — q,) — the vanishing of the UV sensitive terms on the 
boundary is an automatic consequence of the vanishing of all of the corresponding 
bulk terms from which they arise. It would clearly be very useful to have more 
general calculations of these quantities. 

3. Explicit Calculations of Bulk Loops 

This section specializes these general results for the ultraviolet-divergent parts of the 
one-loop action to several specific particle types which arise in 6 dimensional super- 
gravities. For technical reasons we specialize in what follows to the case where all 
background gauge fields vanish and — with applications to higher-dimensional super- 
gravity in mind — where the higher-dimensional cosmological constant vanishes. In 
this situation the classical field equations imply the background metric must satisfy 
Rmn = 0, and so we also restrict to Ricci-flat metrics. 

3.1 6D Massless Particles 

We start by computing the results for 6D massless particles. Although we specialize 
in the end to vanishing gauge fields and to Ricci-flat metrics, for later convenience 
we quote our intermediate results for lower-spin fields in the more general case where 
the gauge fields are nonzero and the metric is arbitrary. 

Scalars 

The general scalar-field action given above involves a collection of N real scalar fields, 
$*, coupled to a background spacetime metric, gMN, and form-fields, A^^ . 
Assuming that the scalars couple to a background (1-form) gauge potential, the 
background covariant derivative appropriate to this case is: 

d m & = a M & - iA a M (t a y^ , (3.i) 

where the matrices (t a ) 1 ' ., % — 1 . . . N, represent the gauge group on the scalars. 

To compute the one-loop quantum effects of scalar fluctuations we linearize this 
action about a particular background configuration, (p l , according to: $ l = ip 1 + 0*, 
where <9mV? = 0. Expanding the classical action to quadratic order in (ft 1 allows the 
identification of the operator A l j, which is given by 

A*,. = □ + X'j , (3.2) 
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with X l j given by 



X 1 



G 



ik 



V kj {y) + \ RU kj + I F a MN F a MN W kj {ip) 



(3.3) 



and 



\Xmn) j — —iF a MN (t a y 



(3.4) 



In this last expression the subscripts on U, V and W denote differentiation with 
respect to the background field (f l . 

Specializing to Ricci-flat geometries with vanishing Maxwell fields, these simplify 
to X l j = G lk V k j and Y mn = 0. We will also make use of the following result for a 
Ricci flat space (we neglect total derivatives) 



n r n E dAbcd 



-h - 4/ 2 , 



(3.5) 



where I\ and I2 are defined as 



T — D DAB tdCDEF 

J-l — J^ABCD-ti EF n 



EF 

h = RabcdR A e C 'fR BEDF ■ (3-6) 



It should be noted that the integrand of the Euler number, x, in 6 dimensions is 
proportional to the combination (— Ii + 2I 2 ). 

With these choices, the contributions to the a k due to a loop of scalars are given 
by N x N matrices, with ao through 03 given by 



a = 1 

ai = -X 

° 2 = RabmnR ABMN + 77 X 2 (3.7) 
loll z 

a > = ~^m h + lk h + So <- 60A ' 3 " iXR «™» RABM " + 30xnx ) 

(3.8) 



For instance, for the particular case V jk = we have X = and 

(-) F ti [a ] = N, (-f tr N = 

R F troM = A R ABM nR ABMN (3.9) 

loll 

H troN = -45360 /l+ 1620 /2 
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Spinors 

For N symplectic-Weyl spinors in 6 dimensions, i\) a with a = 1, N, the action can 
be taken to be, 

S = -l f d & x^G ab { V )Tn\ (3.10) 



2 _ 

where p = e A M Y A D M with T A being the 6D Dirac matrices and e A M denoting 
the inverse of the sechsbein, 6m A , which satisfies tM A ^N Br i]AB = 9mn- Since 6D 
symplectic-Weyl spinors have 2 complex components their representation of the 6D 
Lorentz group has d = 4 real dimensions. 

The differential operator which governs the one-loop contributions is in this case 
jp = e A M T A D M and so in order to use the general results of the previous section we 
write (assuming there are no gauge or Lorentz anomalies) 

logdet$> = ilogdet(-^) 2 ) , (3.11) 



which implies 



iE 1/2 = ^Tr lo gj p = iTrlog(-|) 2 ) 



= ^Tr log (-D -\R+ \v AB F a AB t)j , (3.12) 

where r ab — \\Fa, Tb] and t a denotes the gauge-group generator acting on the spinor 
fields. This allows us to adopt the previous results for the ultraviolet divergences, 
provided we divide the result by an overall factor of 2, and use 

X = - 1 -RI+ t -T AB F2 B t a , (3.13) 
where / is the M x M unit matrix, with M = Nd. Similarly, we find 

Ymn = — Rmnab^ AB — iF a MN t a , (3-14) 

and so 8 

Tr 1/2 [Y MN Y MN ] = -Atr 1/2 (t a t h )F a MN F bMN -^R ABMN R ABMN . (3.15) 

(3.16) 

Keeping explicit the sign due to statistics, and dropping terms which vanish 
when traced, this leads to the following expressions for the divergent contributions 



8 We adopt the convention of using Tr[...] to denote a trace which includes the Lorentz and/or 
spacetime indices, while reserving tr[...] for those which run only over the 'flavor' indices which 
count the fields of a given spin. 
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of N 6D Weyl fermions, where we now specialize to a Ricci flat background with 
vanishing gauge fields: 

(-) F Tr 1/2 [a ] = -2N, (- f Tr 1/2 [ai] = 0, 
7N 

(-) F Tr 1/2 [a 2 ] = ^RabmnR abmn (3.17) 
, , fm . . 29N T N T 

Gauge Bosons 

For A" gauge bosons, A a Ml with field strength T MN and a = 1, N, the action is 

1 



S -Jd'xV^^W^F^r, (3-18) 

expanded to quadratic order about the background fields: A a M = A a M + SA M . 

Adding a gauge-averaging term proportional to £~ 1 W 2 ((p) (D M A M ) 2 , it is possi- 
ble to choose the gauge parameter £ such that the one-loop contribution due to the 
gauge fields has the standard form, with the differential operator governing the loop 
given by 

A aM bN = -5\ 5 M N D + X aM hN , (3.19) 

with 

X aM bN = -R M N 5\ + 2i{t c )\F cM n , (3.20) 

where r c here denotes a gauge generator in the adjoint representation. 

Since the dimension of the 6- vector representation of the Lorentz group is d = 6, 
we have Tr v I = 6N, Tr v {X) = -N R, and so 

Tr V (X 2 ) = NR MN R MN + 4C(A) F MN F^ N 
Tr v (Y MN Y MN ) = -NR ABMN R ABMN - QC(A) F a MN F a MN , (3.21) 

where C(A) is the Dynkin index for fields in the adjoint representation: tr (T a Tb) = 
C(A) 5 a b- The subscript 'V° in these expressions is meant to emphasize that the trace 
has been taken over a vector field (as opposed to the physical spin-1 field, including 
ghosts). 

These expressions suffice to compute Tr y[afc], for the vector field. Once spe- 
cialized to Ricci flat geometries with vanishing background gauge field and constant 
scalars we find 

(-) F Tr v [a } = QN , (-) F Tr y N = (3.22) 
(— ) F Try[a 2 ] = — — RabmnR ABMN 
(-f^ vl a :i \ = — h --I 2 . 
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To this we must add the ghost contribution, which consists of N complex scalar 
fields having fermionic statistics and transforming in the adjoint representation of 
the gauge group. The contributions to the may be read off from our previously- 
quoted expressions for scalar fields in the special case X = 0. For such fields we 
have 

(-) F Ti gh [a ] = -2N, Tt gh [ai\ = 

(-) F Ty gh [a 2 ] = -^RabmnR ABMN (3.23) 

V ) aM s\ 226g0 gl0 

Summing the contributions of eqs. ( |3.22| ) and ( |3.23| ) gives the contribution of N 
physical 6D massless gauge bosons: 

(-) F Tr 1 [a }=4N, (-) F Tr 1 [a 1 ] = (3.24) 
(— ) F Tr i [a 2 ] = — RabmnR ABMN 

y ) xl 3j 5670 i gl0 2 

2-Form Gauge Potentials 

A similar result for a 2- form gauge potential, Bmn, coupled only to the background 
metric may also be obtained, either by direct calculation [[!2|] or by using results in 
the literature [40]. The starting point for this is the action 



S = ~^ f d 6 x 4^9 Wzip) G MNL G MNL , (3.25) 

where Gmnl is the field strength, G = dB + u 3 and W%{<p) is a known function of 
the background scalar fields. 

In this case it is again possible to choose an appropriate gauge- averaging term 
and to keep track of all of the ghosts which result, along the lines as was done 
for the gauge potential above. Once summed over the results obtained in this way 
for ghosts and 2-form potentials, the result specialized to Ricci-flat geometries and 
constant scalar fields is given by 

(-) F Tr 2/ [a ] = 6JV, (-) F Tr 2f [ ai \ = 0, (3.26) 
(— ) F Tr 2 /[a 2 ] = ^ RabmnR ABMN , 

\ J 2/ 756Q 54 2 , 

where iV counts the number of 2-form potentials which are present. 
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Gravitini 

We take spin-3/2 particles to be described by symplectic-Weyl vector-spinor fields, 
if)M, with a lagrangian given by 

C vs = -l^^ M Y MNP D N ^ P , (3.27) 

where T ABC = ^{T A T B T C + ■ • • ) is the totally antisymmetric combination of gamma 
matrices. In order to put the spin-3/2 lagrangian into a form for which the general ex- 
pressions for the Gilkey coefficients apply, it is convenient to use the gauge-averaging 
term 



£ 9 f = (r • 4>)p(T ■ iP) . (3.28) 

With this term, and after making the field redefinition ipM — > ipM ~ j^m^ ■ i>, we 
find that the lagrangian simplifies to the following, 

C vs + C 9 f = ~\ V=9^mP*P M ■ (3-29) 
Thus, the one-loop contribution is 



*£ 3/2 = ~logdet[(#>) A B ] = ilogdetK-^ 2 )^] • (3.30) 



For a vector-spinor the Lorentz generators are 

(Jab) c d = ~T AB 5% - iI(5 c aVbd - 5% VAD ), (3.31) 

where I is the J\f X JV identity matrix, corresponding to the M = N d (unwritten) 
non-vector components of ipM- Using the identity If) 2 = □ + j[T M ,T N ][D M , D N ], 
eq. ( |3.3U| ) can be put into the required form, with X given by 

X A s = (4* + \f« cd T gd f a ) Si + \r A bmn T mn . (3.32) 

For simplicity of notation, we have suppressed writing the various identity matrices 
that appear in the above expression. 

With the above expression for X, and remembering to multiply (as for the spin- 
1/2 case) eq. (|£?.l|) by an overall factor of 1/2, we find for Ricci flat backgrounds 

(-) F Tr vs [a ] = -12N , (-) F Tr vs [ai) = 0, (3.33) 

(— ) F Tr vs[(^2] = — RabmnR ABMN i 

, lFm . . 113JV T UN 

(-) F Tr vs \a 3 ] = h + J 2 . 

v ) vi>i d ] 756Q t 4 
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We next consider the contribution from the ghost fields. The gauge-averaging 
term eq. ( |3.28j ) introduces a complex, Faddeev-Popov spinor ghost as well as a 
Nielsen-Kallosh ghost, both of which must be summed over in order to obtain the 
result for the spin-3/2 particle. Since both types of ghosts have the same lagrangian 
as the massless spin-1/2 particle considered earlier, we must add to the vector-spinor 
result above (—3) times the result for the spin-1/2 particle. Thus, for the gravitino 
we find 



{-)* Tr 3/2 [a ] = -GN, (-f Tr 3/2 N = 0, 

;-) F Tr 3/2 H = - 7 -^R A bmnR ABMN , (3.34) 



■ ! 15120 1080 " 



Gravitons 



Ceh = R- (3-35) 



Finally, we turn to spin-2 particles. Although it is usually true that only a single 
spin-2 particle is massless in any given model, we include a parameter N which counts 
the massive spin-2 states. We do so because there is typically more than one massive 
spin-2 state in the models of interest, typically arising as part of a Kaluza-Klein 
tower or as excited string modes. 

The lagrangian for a massless rank-two symmetric field is the Einstein-Hilbert 
action, 

1 

Writing the metric as gMN + hMN, we expand the action to quadratic order in the 
fluctuations, h MN , about the background metric, gMN- To obtain the required form, 
we use the gauge-fixing condition 

C af = -^V^(D M h MN -~D N h A ^ . (3.36) 

Finally, writing the resulting lagrangian in terms of the scalar, <p = guNh MN , and 
the traceless symmetric tensor 4>mn = ^-mjv — q9mn<P, we find 



.2 



-9 



(C EH + C gf ) = <J) MN [D(f> MN + R 4>mn - {<PmaR n A + <PnaR m A ) 



-(Rmanb + Rmbna)4> AB ] + I <P MN Rmn<P - \ U^cj) + . (3.37) 

The fact that the scalar kinetic term has the wrong sign is well-known, and 
can be remedied by the field redefinition <ft — > i(f>. Notice also that, unlike in 4 
dimensions, this procedure produces a cross-term between 4>mn an d <f>- This term 
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Field 


(-) F Tr 


a Q ] 


(-) F Tr 


ai] 


(-) F 720Tr[a 2 ] 


{-) F 45360 Tr [a 3 ] 


<P 


1 





4 Rabmn 2 


-17/! + 28/ 2 


iP 


-2 





7 Rabmn 


-29 Ji + 70 J 2 


A M 


4 





—44 R ABMN 


184 A - 392 J 2 


Amn 


6 





264 R ABMN 


-7158 Ji + 14280 1 2 




-6 





—219 Rabmn 


-591 A + 1218 J 2 


9mn 


9 





756 Rabmn 2 


8919/! - 17892 1 2 



Table 1: Results for massless particles in 6 dimensions, including ghost contributions and 
specialized to Ricci-flat background metrics. Note that the boson fields in this table are 
real and the fermion fields are 6D symplectic-Weyl spinors. 



will vanish for special choices of background metrics, and in particular for the Ricci 
flat case considered here. Specializing immediately to this situation, we see that 
the above lagrangian decouples into a rank-2 symmetric traceless piece and a scalar 
piece. However, because R = 0, the results for the scalar fluctuations have already 



been calculated and are given by eq. (|3.9| ). From eq. (|3.37f ), we see that the rank-2 
fluctuations have an X given by 

yA B _ r>A B , pB A (o oo\ 

M N M N ' M Ni yo.OO) 

and so for N rank-2 symmetric traceless fields, we find 



Tr symtr [o-o] — 20iV, (— ) F Tr sym tr[a>i\ — 0, 



(— ) F Tr symtrl^} — RabmnR ABMN i (3.39) 

F 2309iV 166AT 

(-) Tr s , mtr [a 3 j- TT ^-/ 1 -^/ 2 . 

Next, we consider the ghosts for this field. Since the gauge- averaging term 
is fh[ = D N hNM — \Dhih A A , and since the gauge transformations are SIimn = 
Dm^n + Dn£,m, we find the following transformation property 

6f M = D^ M -R A M U, (3.40) 

leading to a complex spin-one Faddeev- Popov fermionic ghost, lom, with lagrangian 

C = -^co* M (-D5 A J + <)/. (3.41) 

For the Ricci flat case, this has the same form as the vector lagrangian considered 
earlier. Thus, the complex ghost will contribute (—2) times the result of a real vector 
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field, eq. ( 3.22 ). Combining the contributions of the scalar and the Faddeev-Popov 
ghost to eq. (|3.39| ), we obtain the following results for N physical spin-2 particles, 



(-) F Tr 2 [a ] = 9N, (-) F Tr 2 [ ai ] =0, 

(-) F Tr 2 [a 2 ] = ^RabmnR ABMN , (3.42) 

y J 1 J 5040 180 

The above results for the Gilkey coefficients for 6D massless particles are summarized 
in table (0). 



3.2 6D Massive Particles 

It is relatively easy to compute the result for a massive particle in 6 dimensions using 
the above expressions for massless particles. We may do so because the massive- 
particle formulae are obtainable by performing an appropriate sum over the corre- 
sponding massless-particle ones, by virtue of the higher-spin Higgs effect. We again 
specialize to vanishing background gauge fields and Ricci-flat metrics. 

For example, for spin- 1/2 particles an explicit 6D mass term necessarily relates 
a left- and right-handed spinor, and so the result for a massive spin- 1/2 particle is 
obtained by summing the results for its constituent left- and right-handed compo- 
nents, ij)±. Since ao through 03 are the same for both chiralities, this amounts to 
multiplying the Gilkey coefficients by a factor of 2. 

Similarly, for massive spin-1 particles it is convenient to use the covariant Fujikawa- 
Lee-Sanda |H| |3T[ gauge-averaging term, ^~ X [D M A a M + c a ((p)] 2 , with c a ((p) chosen to 
remove any scalar- vector cross terms of the schematic form Am9 m (P. In this case the 
gauge fields acquire a mass term which is identical to the mass term which results 
for the ghosts and for the would-be Goldstone bosons fields. We give explicit details 
of these calculations for arbitrary dimensions in a companion paper [p2|| . The upshot 
of all of this is that the Gikey-DeWitt coefficients for a massive spin-1 particle are 
obtained by summing the results for a massless spin-1 particle with the result for a 
real spinless particle with X = 0, leading to 



(-Y Tr lm [a ) = 5N, (-)* Tr lTO K] = (3.43) 
(— ) F Tr i m [a 2 ] = — — R A bmnR ABMN 

(—) F Tr imfa^l = Ji Io- 

v ) ml 6\ 4536Q 162Q 

A similar argument applies for other higher-spin fields, with the result being to 
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Multiple* 


(-) F Tr[a \ 




(-) F Tr 


ai 




(-) F 360Tr[a 2 ] 


{-) F 45360 Tr [a 3 




<P 


1 





2 Rabmn 2 


-17/ x + 28/ 2 




1> 


-4 





7 Rabmn 


-58 Ji + 140 J 2 




A M 


5 





—20 Rabmn 


167 ii -364/ 2 




Amn 


10 





110 Rabmn 2 


-6974 Ji + 13888 J 2 




-16 





—212 Rabmn 2 


-1240/i + 2576 7 


2 


9mn 


14 





358 Rabmn 2 


9086 /i - 18256 / 2 



Table 2: Results for massive particles in 6 dimensions, specialized to Ricci-flat back- 
grounds. Note that in this table the bosonic fields are real and the spinors are symplectic, 
but not Weyl. 



sum the lower-spin formulae in the following schematic combinations 32 : 



A M - A M + <\> 
A MN -> A MJV + A M (3.44) 

9mn ^ 9mn + Am + 0- 

In writing these relations we use that the dimension of spacetime of interest here is 
even, so that Weyl spinors, ip±, mav be defined. 

A check on these relations can also be obtained in an alternative way. Recall 
that, for flat space, the little group which preserves the momentum of a massive 
particle in n dimensions is SO(n — 1), while that which preserves the standard null 
momentum of a massless particle is SO(n — 2). For the purposes of calculating 
ultraviolet divergences, the counting of states for massive particles in n dimensions 
is equivalent to the counting for massless particles in n + 1 dimensions. Using the 
more general results for the Gilkey coefficients of higher spins in n dimensions of 
ref. [32, |(J, it can be shown that the above counting of massive states agrees with 



the result for massless fields in n + 1 dimensions. Table (|2]) summarizes the results 
which these arguments imply for massive particles in 6 dimensions. 



3.3 Supersymmetric Multiplets 

In supergravity theories the ultraviolet sensitivity of the low-energy theory is often 
weaker than in non-supersymmetric models. This weaker sensitivity arises due to 
the tendency of bosons and fermions to cancel in loops provided their masses and 
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couplings are equal. These cancellations may be seen by summing the above results 
over the particles appearing in the appropriate supermultiplets. 

The result for the ultraviolet-sensitive part of the one-loop action obtained by 
integrating out a supermultiplet is given by 

n/2 n n/2 

/ rf^v^^(-)^^r(A;-n/2)Tr p [m;- 2fc a fc ], (3.45) 

where the sum on p runs over the elements of a supermultiplet. As is clear from this 
expression, it is weighted sums of the form Yl p (~ ) ^ Tr p [m™ _2fc afc] which control 
the UV sensitivity of supersymmetric theories. For example the equal numbers of 
bose and fermi states within a supermultiplet automatically imply 

J](-) F ^Tr p [a ] = 0, (3.46) 

pGsm 

which expresses the usual cancellation of the contributions of bosons and fermions 
to the cosmological constant if all of the elements of a supermultiplet share the same 
mass. 

The next few sections record the analogous result for the other coefficients - 
cii through as — once summed over the particles within various 6D supermultiplets, 
under the assumption that all elements of the supermultiplet have the same 6D mass. 
Notice that our discussion of the equivalence between performing the sum over the 
UV sensitive part of the 4D contribution of each KK mode and the UV sensitivity as 
computed using the full 6D fields shows that the assumption of equal masses within 
a 6D supermultiplet relies only on there being unbroken (2, 0) supersymmetry at the 
high energy scale, M, appropriate to the compactification from higher dimensions 
down to 6D. Provided that M ^> tokk ~ 1/r, this assumption does not require that 
some supersymmetry remains unbroken below the scale of the KK masses encoun- 
tered in the compactification from 6D down to 4D. 

Massless 6D Supermultiplets 

We first summarize the particle content of the simplest 6D supermultiplets, start- 
ing first with massless multiplets and then moving on to massive multiplets. Our 
discussion follows that of ref . |J3| . 

Massless multiplets are partially characterized by their representation proper- 
ties for the 'little group' which preserves the form of a standard light-like energy- 
momentum vector. In 5+1 dimensions, the light-like little group contains the rota- 
tions, 5*0(4), of the 4 spatial dimensions transverse to the direction of motion of 
the standard light-like momentum. The representations of 5*0(4) ~ 577(2) x SU(2) 
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Multiple* 


Representation 


Field Equivalent 


4 






2 2 


= (2,1;1) + (1,1;2) 




(V>,20) 


8 




X 


2 2 


= (2,2;1) + (1,2;2) 




{AmM) 


8' 


(2,i;i) 


X 


2 2 


= (3,1;1) + (1,1;1) 


+ (2,i;2) 


(A M N,2ip,<f>) 


12 


(1,3;1) 


X 


2 2 


= (2,3;1) + (1,3;2) 






16 


(2,2;1) 


X 


2 2 


= (3,2;1) + (1,2;1) 


+ (2,2;2) 




24 


(2,3;1) 


X 


2 2 


= (3,3;1) + (1,3;1) 


+ (2,3;2) 


(9mn,24>m,Amn) 



Table 3: Massless representations of (2, 0) supersymmetry in 6 dimensions, labelled by 
the dimension of the representation of the corresponding little-group algebra, and by the 
corresponding 6D field content. The fermions are taken to be symplectic-Weyl, and the 
2-form potentials are similarly self (or anti-self) dual. 



corresponding to the simplest particle types are 



1,1) 



2,1 ,1,2 



(2,2) 
(3,1), (1,3) 
(3, 2), (2, 3) 

(3,3) 



scalar ((f)) 
Weyl spinors (ip±) 
gauge potential (Am) 
(anti) self-dual 2-form potentials (A 
Weyl gravitino (ip 
graviton (g M N) 



MN ) 



MJ 



where we denote the particle type by the field with which it is usually represented. 
The two representations listed for the Weyl fermions correspond to the two types of 
chiralities these fermions can have. Similarly, the two representations listed for the 
2-form potential correspond to the self- and anti-self-dual pieces, which are defined 
to satisfy G M np = ± cmnpqrs G QRS . 

Massless supermultiplets are also characterized by the action of the graded au- 
tomorphism symmetry which is generated by the supercharges, which transform as 
spinors of 50(4). Since the fundamental spinor representations — 2 + = (2, 1) and 
2 = (1, 2) — of 50(4) ~ SU (2) x SU (2) are pseudo-real, the graded automorphism 
group in 6 dimensions is USp(N + ) x USp(N^), where N + and AL (which must both 
be even) characterize the number of independent, pseudo-real chiral supersymme- 
tries. The minimal supersymmetry algebra therefore corresponds to (N + ,NJ) = 
(2,0), and so iV = iV + + iV_ = 2 [33|. The relevant little group characterizing the 
massless supermultiplets is then G = SO (A) x USp(2) ~ SU(2) x SU(2) x USp(2), 
under which the active supercharges transform in the representation (2, 1; 2). 

The minimal representation of this little algebra has dimension 2 2 = 4, and 



- 25 - 



Multiplet 


(-) F Tr 


a ] 


(-) F Tr 


cii 




(-) F 48Tr 


a 2 




(-) F 720Tr 


03] 


4 








D 2 

^ABMN 




(-/i+2/ 2 ) 


8 








2 Rabmn 2 


-2(-/ 1 + 2/ 2 ) 


8' 








10 Rabmn 


58(-/i + 2/ 2 ) 


12 








3 Rabmn 


2 


123(-/i + 2/ 2 ) 


16 








20 Rabmn 2 


4 (-/ 1 + 2/ 2 ) 


24 








30 Rabmn 2 


-66 (-/i + 2/2) 



Table 4: Results for the statistics-weighted sum over Gilkey coefficients for massless 6D 
supermultiplets, specialized to vanishing gauge fluxes and Ricci-flat backgrounds. 



transforms under G like |33 



(2,1;!) + U,i; 2) 



(3.47) 



This consists of 2 real (1 complex) scalars and a single symplectic-Weyl fermion, and 
so consists of 2 bosonic and 2 fermionic states. 

Higher-dimensional representations may be obtained from this minimal one by 
taking direct products of it with an irreducible representation of the bosonic part 
of the little group. Table (|) lists some possible representations which are obtained 
in this way, including the hyper- multiplet (4), gauge multiplet (8), tensor multiplet 
(8'), two types of gravitino multiplet (12, 16) and the graviton multiplet (24). To 
derive the results in this table, we use the standard results for 577(2): 2x2 = 1 + 3, 
2x3 = 2 + 4 and 2x4 = 3 + 5. 

We may now sum the previous expressions for the Gilkey coefficients over the 
particle content of these massless 6D supermultiplets. The results obtained for 
Tr sm [afe] = XlpGsm( — ) F< "^ Tr p [afc] if the particles all share the same mass are summa- 
rized in table [|. Notice that the resulting expressions for Tr sm [a 3 ] are proportional 
to the combination —l\ + 2/ 2 which gives the Euler number density for compact 6D 
manifolds. 



Massive 6D Supermultiplets 

The massive representations of (2, 0) 6D supersymmetry are found in a similar man- 
ner, except in this case the little group for the time-like energy-momentum vector 
appropriate to massive fields is 5*0(5). The particle types and fields corresponding 
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Multiple* 


Representation 


Field Equivalent 


16,„ 




2 4 


= (5,1) + (1,3) + (4,2) 


(^,2?r,3<r) 


64 m 


(4,1) 


x 2 4 


= (16,1) + (4,1) + (4,3) + 










(10,2) + (5,2) + (1,2) 




80 m 


(5,1) 


x 2 4 


= (14,1) + (10,1) + (1,1) + 


(g^ N ,2^,A^ N M^ m ,(f> m ) 








(5,3) + (16,2) + (4,2) 





Table 5: Massive representations of (2, 0) supersymmetry in 6 dimensions, labelled by 
their dimension. Note that the fermions are not chiral and the 2-form potentials are not 
self-dual or antiself-dual. 



to the representations of SO (5) follows: 



1 : 


massive 


scalar (0 m ) 


4 : 


massive 


spinor (ijj m ) 


5 : 


massive 


gauge potential (A 7 ^ 


10 : 


massive 


2-form (AZ N ) 


16 : 


massive 


gravitino 


14 : 


massive 


graviton (g^ N ) . 



The little algebra for the supersymmetry representations is therefore 50(5) x 
USp(2). The irreducible spinor representations of 50(5) are not chiral, and are 4- 
dimensional, and so the number of supercharges doubles in going from light-like to 
time-like representations. 9 It follows that the dimensionality of the minimal repre- 
sentation is the square of what it was in the light-like situation: 2 4 = 16, with the 
following decomposition under 50(5) x USp(2) |j33"| : 

16 m = (5,1) + (1,3) + (4, 2). (3.48) 

Again, we find all other representations by taking appropriate direct products. 
To do so, we use the following standard results for 50(5): 4x4 = 10 + 5 + 1 and 
4x5 = 16 + 4, leading to the massive supermultiplets given in table (|5|). Since 
it is possible to understand massive particles in terms of combinations of massless 
ones, the same is true for massive supermultiplets. Using these results of eq. (|3.44j ), 
we find the unique decomposition of the massive multiplets in terms of the massless 
ones: 



16 m 
64 m 
80 m 



2 (4) + 8 

4 + 2 (8) + 2 (8') + 12 + 16 
_2_(4) + 8 + 8' + 2(16) + 24. 



(3.49) 



3 We assume here vanishing central charges - and so no 'short' multiplets. 
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Multiplet 


(-) F Tr [a ] 




(-) F Tr[ ai \ 


(-) F Tr [a 2 \ 


(-) F Tr[a 3 ] 


16 m 














64 m 











|(-/ 1 + 2/ 2 ) 


80 m 















Table 6: Results for massive 6D multiplets (Ricci flat). 



Labelling the multiplets as in tables (||) and @, it is straightforward to compute 
the results for the statistics-weighted sum of the Gilkey coefficients over the massive 
supermultiplet particle content. The results obtained in this way are summarized in 
Table ||. What is striking about this table is the vanishing of the contributions to a$ 
through ci2, which ensures the absence within the effective action of positive powers 
of the common 6D mass M of a supermultiplet of degenerate massive particles. 

3.4 Higher-Dimensional Field Content 

Of particular interest are those massive 6D supermultiplets which are obtained by di- 
mensionally reducing the various 10D supergravities to six dimensions. The simplest 
such compactifications are obtained by reducing the higher-dimensional theories on a 
4-torus. Since the IIA theory can be obtained from 11-dimensional supergravity via 
dimensional reduction on S 1 , the results we obtain for the Type IIA theory dimen- 
sionally reduced on a 4-torus are equivalent to what is obtained from 11-dimensional 
supergravity dimensionally reduced on a 5-torus. 

For the purposes of the present argument all that matters is the total number of 
each type of massive 6D fields which are produced by such a reduction. Our purpose 
in this section is to show that the massive field content which is obtained by such a 
dimensional reduction is the same as would be obtained by combining a small number 
of the massive 16 m , 64 m and 80 m representations of (2,0) 6D supersymmetry. 10 Since 
we know that each of these multiplets gives a vanishing contributions to the first 3 
heat-kernel coefficients, the same must also be true of the contributions of the massive 
6D states which are obtained by dimensional reduction. 

Type IIA and Type IIB Supergravities 

The field content of Type IIA supergravity in ten dimensions consists of: a graviton; 
a 3-form, 2-form, 1-form, and 0-form; two majorana-Weyl gravitini having opposite 
10D chiralities; and two majorana-Weyl dilatini having opposite 10D chiralities. The 

10 This need not imply that these massive states actually transform in these representations un- 
der (2,0) supersymmetry, such as because of the possible presence of central charges and short 
multiplets. 
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IIB theory is obtainable from the IIA theory by giving all fermions the same chirality, 
and by trading the 3-form and the 1-form for a self-dual 4-form, a 2-form, and a 0- 
form. 

Since each majorana-Weyl spinor in 10D has 16 real components, reduction on 
a torus (in the absence of any Scherk-Schwartz supersymmetry-breaking twists f34fl ) 
gives (8, 8) 6D supersymmetry. The massless sector of the resulting 6D theory can 
therefore be described in terms of (2, 0) supersymmetry multiplets, and arranges 
itself into the following collection of massless (2, 0) supermultipets, 

TypellA/B: 24 + 4(16) + 2(12) + 5(8') + 8(8) + 10(4) , (3.50) 

with both Type IIA and IIB super gravities giving the same multiplet content when 
dimensionally reduced on a 4-torus. In deriving these results, we use the equivalence 
(in 6 dimensions) of a 3-form and a 1-form gauge potential. 

Using the results from table we find the following statistics- weighted sum 
for the Gilkey coefficients produced by the massless sector of the 6D theory: 

Tr [a ] = Tr [a x ] = Tr [a 2 ] = 0, 

Tr[a 3 ] = ^(-h + 2I 2 ). (3.51) 

The only UV-sensitive quantity is a topological term proportional to the Euler- 
number density. If we had not used the duality relationship to exchange the 3-form 
potential for a 1-form potential, even the coefficient of the Euler-number term would 
have vanished, because in 6 dimensions ||40|| , 11 



Tr 3/ [a 3 ] -Tr lf [a 3 ] = ~(-h + 2I 2 ). (3.52) 

A similar statement can be made for the massive KK modes produced by any 
such (8, 8)-supersymmetric dimensional reduction on a 4-torus. In this case the 
massive states have the same field content as do the following 6D massive (2, 0) 
supersymmetry representations: 

TypellA/B : 80 m + 2(64 m ) + 3(16 m ) , (3.53) 

The vanishing of Tr [do] through Tr [02] for the massive multiplets ensures the van- 
ishing of any UV sensitive contributions from the KK modes obtained when reducing 
from 10 to 6 dimensions (provided these are not in short multiplets). 



11 This is an example of the breakdown of naive equivalences between different field representation 
descriptions of the same particle [n5| . 
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Type I and Heterotic Theories 

Type I and heterotic theories consist of a 10D, N — 1, supergravity multiplet coupled 
to a 10D Yang-Mills multiplet. The relevant gauge group is SO (32) for the type I and 
Spin (32) jZi for the heterotic A theory, and Eg x Eg for the heterotic B theory. The 
supergravity multiplet contains a graviton, a 2-form gauge potential, a scalar dilaton, 
and a majorana-Weyl gravitino and a majorana-Weyl spin- 1/2 fermion, both having 
the same chirality. The gauge multiplet contains Na gauge fields and Na spin- 1/2 
fermions, where Na = 496 is the dimension of the gauge group. 

Dimensionally reducing on a 4-torus to six dimensions without breaking any 
supersymmetries in this case ensures unbroken (4, 4) 6D supersymmetry, with the 
massless sector arranging itself into the following (2, 0) supermultiplets (where we 
keep separate the supergravity and the Yang-Mills fields): 

Sugra: 24 + 2(16) + (8') + 4(8) + 8(4) 
YM: N A (8) + 2N A (4). 

Using the results from table (||), we find for the massless sectors of both the 
supergravity and the Yang-Mills theory 

Tr [oo] = Tr [a x ] = Tr [a 2 ] = Tr [a 3 ] = 0. (3.54) 

We again find that the dimensionally reduced theory shares the UV properties of its 
higher- dimensional counterpart ||40| . 

The contributions of massive KK modes may similarly be analyzed in this case, 
with the result that there is a vanishing contribution to Tr [a ], Tr [ai] and Tr [02]. 
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A. Dimensional Regular izat ion and Cutoffs 

In this paper all loops are computed using dimensional regularization since this is by 
far the most convenient for practical calculations. At first sight this might appear 
to limit our discussion of ultraviolet sensitivity, since this is traditionally treated 
in terms of quadratic, quartic and higher ultraviolet divergences, which are absent 
in dimensional regularization. This is a special case of the more general question 
of whether (and how) dimensional regularization can be reconciled with effective 
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field theory techniques, which are usually phrased in terms of cutoffs, through the 
integrating out high-energy modes. 

The resolution of this apparent difficulty with dimensional regularization has 
been known for quite some time, however, both in the general context of effective 



lagrangians [p8| , |29| , f41fl and for explicit examples of UV- sensitivity |42|]. The result is 
that all of the usual UV-sensitivity issues may also be addressed using dimensional 
regularization, and indeed arise there within what is arguably a more physical con- 
text. In this section we briefly recap these issues, following the discussion of refs. [pffil , 
in which the same issues arise within another context. 

The issue of UV-sensitivity arises when a physical observable, O, depends on two 
very different physical mass scales, say m and M with m <C M. (The dependence on 
other parameters, like couplings etc. are suppressed in what follows.) For instance, M 
and m might be the masses of two types of particles, which are themselves physically 
measurable, at least in principle. It is typically true that the expression for 0(m, M) 
simplifies dramatically when m <C M, due to the ability of expanding the result in 
powers of the small ratio m/M 



0(m,M) = m 



n-1 



(A.l) 



where d is the mass dimension of O and the coefficients might also depend log- 
arithmically on M/m. For the vast majority of observables the starting power, n, 
satisfies n > 0, and so the dominant dependence on the large scale, M, has the form 
(m/M) n log p (m/M) (for some p > 0) and so vanishes as m/M — > (with the loga- 
rithmic dependence arising through the coefficient, C n ). UV-sensitivity corresponds 
to the case where n < 0, in which case it can be singular to take the limit M — > oo 
in O with all other scales fixed. 

Cutoffs arise if the large hierarchy, M/m, is exploited to integrate out all modes 
having energies E > A to obtain an effective theory containing only light particles 
which is applicable at scales E < A. Nothing physical depends on the scale A in 
such a construction because it is simply a book-keeping tool which organizes how 
calculations are done. This independence happens in detail through cancellations 
between the A-dependence of the effective interactions contained in the low-energy 
lagrangian, C, and the dependence on A which arises as cutoffs within loop integrals 
within the low-energy theory. (See, for instance, refs. [28, 2{J for details of this 
cancellation.) 

Within an effective field theory potential confusion can arise between the depen- 
dence of observables, like O, on physical heavy masses, like M, on the one hand, 
and the dependence of the low-energy contribution to O, on the cutoff A on the 
other. For instance, if a low-energy calculation of O has a low-energy contribution 
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0\ e ~ AA n , it is tempting to draw the conclusion that the final result, O, depends 
on M like O ~ A M n , for A ~ A. 

This conclusion actually works quite well for logarithmic UV-sensitivity, because 
in that case the low energy result, 0\ e = v41og(A/m), must combine with a high- 
energy (effective coupling) contribution, C he = T4'log(M/A), to give a A-independent 
result. For logarithms this dictates that A = A' = A, so that 



and so the coefficient, A, of the physical large logarithm, log(M/m), may be com- 
puted using only the coefficient of the divergence, log(A/m), in the low-energy theory. 

The argument can fail, however, for power divergences, for which a low-energy 
contribution, 0\ e = A A 2 , can cancel with a high-energy coefficient, C\ e = B M 2 — 
A A 2 , to give the physical answer, O = B M 2 . In this case the coefficient, B, of M 2 
in the full result need not be related at all to the coefficient, A, of the divergence A 2 
within the low-energy theory. 

Dimensional regularization and a modified form of modified- minimal subtraction 
has many calculational advantages, including the simplicity of never introducing an 
unphysical scale like A as a power during intermediate steps of a calculation. This 
does not mean that UV sensitivity cannot arise within a dimensionally-regulated 
theory, of course. It merely means that it arises in a more explicit way - through 
the matching conditions which must be applied at a physical threshhold, /i = M, 
when one renormalizes the action through this scale and removes the heavy particles 
having mass M from the theory Ell. Within this language dangerous powers of M 
are only obtained when physics at scale M is integrated out in this way, through 
explicit contact with the physics of this scale. 

In the body of the text we formulate the UV-sensitivity of the effective 4D 
cosmological constant in this way, using dimensional methods to regularize divergent 
integrations. And it is because of this choice that we find contributions of order M 4 
when integrating out particles of mass M, rather than following the A-dependence 
in a cutoff regularization. 

B. The Heat Kernel Coefficients 

In this appendix we collect for convenience the explicit expressions for the coeffi- 
cients do through 03 in their general form for manifolds without singularities and 
boundaries. These are known for general background metrics, guN, and for general 




(A.2) 



32 



X and Ymn = [Dm, D^]. The first few are given explicitly by |13, |i"6f: 12 
a = I 

ai = --(#/ + 6X) (B.l) 
6 

° 2 = 360 ^^ ABMN ^ ABMN ~ 2RmnR MN + 5-R 2 — 12 OR) I 

+ l RX + ix 2 - -ax + -ly MiV y MJV 

6 2 6 12 

a 3 = 1 ^-18D 2 i? + 17D M RD M R - 2D L R MN D L R MN - 4D L R MN D N R ML 

+9D k RmnlpD k R mnlp + 28RDR - 8R MN OR MN + 24R M N D L D N R ML 

lion I I -qMNLP 35 3 I 1 t}MN 1 * d d tdABMN 
+ LZKMNLPL-i-tt — -ft + — it KmN-tC — UKABMN^i 

208 M ^ 64 M7V XL 16 M oNKLP 

-ft iV -ftML -ft — -K -ft tlMKNL ~r TT IX N t^MKLP -ft 



9 3 3 

44 j-^b d -nMNKL 80 A M rjBKNP | r 
— -ft MJV rt-ABKL -ft — -ft B N JXAKMP-ti \i 



1 



SDm^m D m Y^ + 2 J D A/ y 7VM D^Y"* + 12Y M7V DY M7V (B.2) 



360 

-L^-f at -f ifX M — O/t i MN * KL "T 4it N 1 MK 1 

-5RY MN Y MN - 6D 2 X + 60XDX + 30L> M X L> M X - 60X 3 

-30X Y MAr Y M7V + 10i2 DX + 4i? M7V D M D N X + 12D M R D M X - 30X 2 i? 



+ 12X Di2 - 5X i? 2 + 2X R MN R MN - 2X R ABMN R ABMN 
where I is the N x N identity matrix. 
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